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Abstract— Making use of Fourier techniques, this paper 

deals with the global solution of  a singularly perturbed 

KdV equation with initial value. Under certain assumption,  

The existence and uniqueness of the global solution to the 

singularly perturbed KdV equation is gained in Sobolev 

space.And the long time asymptotic behaviour of the form a 

approximation solution is discussed. 
Key words— KdV equation; initial value problem; global 

solution; asymptotic solution.  

 

INTRODUCTION 
Recently there has been much interestin the global 

solution of non-linear developing equation, it has been 
an important object in physics, mechanics, biology. 
Many applied mathematics workers and explorers 
working in Turing Machine spend their time in looking 
for the global solution of some non-linear partial 
differential equations.The generated KdV function 

06  xxxxxxxxxt uuuuu   ……………….(1)            

is an important function which is often seen in physics, 
wave mechanics, biology, chemistry, and so on. 

In this paper, we will explore the global solution of 
the initial value problem (1) and the global solution is 
asymptotic in long time.  

 
MAIN RESULT 

First ,we give the initial value problem: 
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In order to proof the theorem, we should give a 
definition. 
Definition 1  Let  
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s ，according to the theorem of the Sobolev Space 

we know 
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In the following we act C  as all instant numbers. 
 

Theorem 1  If 
2

1
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10 0   , there exits the unique global solution 

of the initial value problem, where )(),(  SXtxu . 

 
Proof : Making the Fourier transform  about x  in the 
initial value problem (2), we will get 
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And then  
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We will get 

 0 s|| || || || ,su A               (4) 

where sA |||| . 

We definite the sequence }{ nu
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where ,3,2,1n  

In the following we will proof that there is the 

function )(),(  sXtxu , and the sequence  nu will 

be uniformly convergent to ),( txu . 

As we all know that there are three important 
conservation laws in  physics. When a physics problem 
can be made by a non-linear partial differential equation 

)(ukut  , according to conservation laws we can get 

0







x
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t
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where T  and X  is polynomial for ),( txu . And 

then  TdxI  have no relations of time t .  

For the singularly perturbed KdV equation,we can 
attain the result as follow 
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It is easy to know 
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And for the random time Rt ,we know 

dxxdxtxu  
R

2

R

2 )(),(   

  
R R

32

R

32

2

1
)

2

1
( dxdxdxuu xx   …..(5) 

2 2

R

2 3 3

R R R

|| || ( , )

2 2

x x

x

u u x t dx

dx dx u dx 



  


  

            (6) 

2 2 2
1

2
1

|| || || || 2|| || || ||

2|| || || ||

x xu

u u

   


                 (7) 

 

Since the theorem in Sobolev Space,we attain  
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For (4)(6)(7)and (8), we know 
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If  is small enough, we know 

Au s 2|||| 1  . 

According to induction,we know 
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Using the way as (9),we attain  
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So there exists a function 

)(),(  SXtxu . 

And the sequence }{ nu  is uniformly convergent to 

),( txu . In the other way, )(),(  SXtxu  is the 

global solution of the initial value problem (2). 

Next we proof the solution of the initial value problem 

(2) is unique.  

 

Theorem 2  The solution of the initial value problem (2) 

is unique. 
Proof: Suppose the initial value problem (2) has two 

solutions as )(),( 
SXtxu , 

and )(),( 
SXtxu . 

Let ),(),(),( txutxutx   ， 

And  then  
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We can attain the similar result 
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Since Gronwall inequation, we know 
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So in the )(sX space, we get 

),(),( txutxu   . 

 
 
 

Theorem 3  If the condition of the theorem 1 is 
existing, the unique solution of the initial value problem 
(2) can be written as  
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where 0  and it is small enough. 

 

Proof: Suppose the global solution of the initial value 

problem (2) as 
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  According to the initial value problem (2) 
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Since the same power of   is equal, when 0n , 
we attain 
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According to (5), when m  is even number, we know  
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The computation as (12), we know 
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When m  is odd number, we can attain the similar 
result 
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1 ，where B  is a constant. Since 

(14), (10) is unformly convergent. Using the reverse 
Fourier transform, the global solution of the initial value 
problem (2) can be expressed by (10). 
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