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Abstract— In this paper, we investigate an M/M/c queue with
single working vacations of partial servers and setup times.
During the vacation period, some of which servers are not
entirely stop the service but service the new customers at a lower
service rate, the other servers have a normal vacation and stop
the service. Quasi-birth-and-death-process and infinitesimal
generators for the process are obtained from the model that has
been described. The steady-state distributions of queue length
and some system characteristics are obtained by using matrix-
geometric solution method.
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I. INTRODUCTION

The earlier studies of multi-server vacation queue system
can be traced back to Levy, Yechiali[1] and Vinod[2]. They
studied the M/M/c queue with exponential vacation time, but
failed to give the distribution of steady state indicators. In
recent years, the authors of the literature [3-7] have been
studied a variety of vacation policy in M/M/c and GI/M/c
queue system, not only obtained the distribution of queue
length and waiting time at steady state, but also established
the theoretical framework of conditional stochastic
decomposition. [8] and [9] studied the M/M/c queue system
with multiple vacation of partial servers and single vacation of
partial servers. Further considering with working vacation
policy based on the literature [9], we studied the M/M/c queue
with setup times and single working vacations of partial
servers. The steady-state distributions of queue length and
some system characteristics are obtained by using matrix-
geometric solution method.

Il. SYSTEM DESCRIPTION

A. Model Description

In the classic M/M/c queue with the arrival rate A and the
service rate f4, , we introduced the synchronous single
working vacation policy to partial servers. When there are no
customers in the system, all servers start a vacation of random
length synchronously, vacation time V have an exponential
distribution with rate 6, during the vacation period, some of

which d(d<c) servers are not entirely stop the service but
service the new customers at a lower service

rate 44, (44, < t4,) , the other c-d servers have a normal

vacation and stop the service. At the end of the vacation, if
there are customers in the system waiting for service, all the
servers will immediately terminate the vacation and service
the customers at the normal service rate until the system
becomes empty, otherwise, the system begin a shut down
period. If there are customers arriving at the period, the shut
down period will be over. But the customers can not be
serviced immediately, the system needs to go through a set-up
period, the setup time S have an exponential distribution with
rate a. After setup period, the regular busy period began. Our
model is actually a conversion process among the three forms
of high-speed service, low-speed service and complete stop
service.

In order to save operating costs and improve efficiency, we
set up a working vacation period and a shut down period.
Essential difference between these two periods: customers in
the former period can be served at a lower service rate;
customers in the latter period cannot be served. Therefore, our
model has an important practical significance to the
optimization of design and control of the system.

Assume that the arrival interval time, service time, working
vacation time and start-up time are all independent of each
other. In addition, the service order is first in the first out
(FIFO).

Let Q(t) be the number of customers in the system at time t
and

0, system in aworking vacation at time t
J (t) =<1, systemin a setup period and shut down period at time t
2, systemin aregular busy period at time t
So, {Q(t),J(1)} is a Markov Process with a state space:
Q={(0,0),(0.1)} U{(k, j).k =21 j=012}

Among them, the state (k, 0) (k>0) indicate that the system
is at working vacation period and there are k customers in the
system, the state (k, 1) (k>1) indicate that the system is at
setup time and there are k customers in the system, the state
(0,1) means that the system is shut down. The state (k, 2) (k>1)

indicate that the system is at regular busy period and k
customers in the system.

B. State Transition Diagram

According to the former description, the model state
transition diagram is shown in fig. 1.
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Fig. 1 State Transition Diagram

According to the state transition, we can come up with a Q-
matrix based on the information of fig. 1, it is

A G
B A C
B, A C
B, A, C
B A C
Where
[0+8) 6] o _(p 00 #o 0
oo —)\J 0_[0>\0} B=100
W 0
—(\+0+kp,) 0 0
A= 0 —(A\+a) o l<k=d,
0 0 —(\+kp)
—(A+0+dp,) 0 0
A= 0 ~(\+a) o d+1<k<c.
0 0 —(\tkp)
kp, 00 dg, 0 0
B-l0 0 of2sksd g I\ o o |dHisks=c,
0 0 kg, 0 0 kpy
—(A+0+dp,) 0 0
A= 0 —(A+a) «
0 0 —(A+cpy)
dg, 0 O A 00
B={0 0 O C=|0 X O
0 0 cn 00 A

I1l. RATE MATRIX AND EQUILIBRIUM CONDITIONS

In the analysis of QBD model, the solution of the quadratic
equation of matrix

IJCSET |April 2012| Vol 2, Issue 4,1029-1033

R2B+RA+C =0 1)
called rate matrix plays an important role, to see
Neuts(1981)™, Tian Naishuo, YUE De-quan™, or Latouche
and Ramaswamy(1999)4, in order to obtain the rate matrix,
requires the following:

Lemma 1 The quadratic equation
du,z’ —(A+6+du)z+A=0 (2
have different real roots rand r’, and 0<r<1,r" >1.
Proof Discriminant of the equation
A=(A-du)? +6*+20(A+dwu,)>0 3)
the quadratic equation has two real roots
. A+0+du, (A +0+du) —4ady,

r,r=
2d 4,

From (3), we easy to verify
(A—dy, +6)° <A< (A+dy, +60)*,A>dy,
(dp, —A+0)? <A< (A+du, +0)*, A<dy,
substituting rand r’, we obtain 0<r<1and r* >1.
Theorem 1 When p = A(c,) ™ <1, the matrix equation
(1) have the minimal nonnegative solution

ro
r 0 D —
@—r)cu, (4
R=]0 A
A+« P
0 0 P

Proof Because matrix A, B, and C are upper triangular
matrix, we assume that

r:I.l r12 r:I.3
R=|0 r, r,

0 0 r
substituting R into (1) we obtain the equations:
duhy® = (A+0+du ), +A=0
—(A+a)r,=0
Cty (Ialhg + Molyg + Nglg) + 01, + aly, — (A +Cpy )1 =0 ®)
—(A+a)r,+41=0
Cty (Fyplpg + Taly) + ATy,
Cltyly” —(A+Cpt )y + A =0
we mark (5.1~5.6) to each equation in (5), in order to get the
minimal nonnegative solution, reference to Lemma 1, r,, =r

—(A+cu)r,; =0

in equation (5.1), In equation (5.6), take I;; = p (another root
r,=1 (5.2) (5.4), we
r,=0,r,=11+a)™.

Substituting the above results into (5.3) and (5.4), we
obtained r, = r[cy, (1-r)] " 1, =p.

), from and have
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Lemma 2 The rate matrix R satisfies RT° = e, the
column vector T® =(d,,0,c4,)", e=(L,++,1)" "t" indicates
the matrix transpose.

Proof The column vector e right-multiply the both ends of
the matrix equation (1), we have

RT°-R(1e+T%)+1e=0
that is
(1-R)(1e—RT%) =0
(1 —R) is invertible, SORT® = Je.
Theorem 2 QBD process {Q(t),J(t)} is positive recurrence
ifandonly if p<1
Proof Reference to Theorem 3.1.1 in Neuts(1981)™, the

process {Q(t),J(t)} is positive recurrence if and only if the
spectral radius of R, SP(R)<1, and the homogeneous

equations XB[R]=0 has a positive solution.

Because
ro
(L—=r)cpy,
B A
B A+ P
0 0 P

we obtain SP(R) <1 ifandonly if p <1.

In the equations XB[R]=0
A G
BB A C (6)
B[R] = -
Bc 1 A; 1 C

B RB+A

is the 2+3xc-order square, X is 2+3xc -dimensional row
vector. When p<1, reference to Lemma 2, RT’=/1e
andBe=T", we know that B[R] is a non-periodic irreducible
finitely generated, so XB[R]=0 has a positive solution.

IV.STEADY-STATE DISTRIBUTION
When p <1, we assume that (Q, J) is the steady-state limit
of the QBD process {Q(t),J(t)}, let

To0r oy K=0

T

™, = = T T oo, TT
K 01 Ty T =0 oy T
Tor Ty Ty K >1

Ry =P Q=kI =] ~lmP QO =k IO =] (k)<

In order to express the steady-state distribution, we need
the following

Lemma 3 There is a relationship between the system
parameters and r

A+0+dy 1-r=-0tdy =2 (7)
1-r r
Proof The relationship RT° = Ae in Lemma 2 contains

O dy =2 9+dﬂv(1—r)=1_7r/1
r

1-r
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on hoth ends plus A, we get (7).
Let a is an arbitrary constant, recursively define a set of

series ‘PJ., j=0,1,--.d

Y, =1,
-1 i
¥, :-L\Pi&*'-izlpi _H_ba,ls j<d (8)
J4, JH, i J4,

The series {‘PJ,OS j sd}play an important role in the steady-

state distribution expression.

The key to obtain the steady-state distribution by the matrix
geometric solution method is solving the homogeneous linear
equations XB[R]=0-

0
Substituting (4) into | ¢ | of (6):
RB+A
where

O R
1-r
RB+A= 0 — Ao Aa
0 0 —Cp,

So the equations XB[R] =0 can be written as:

—(A+0)mo + 1, M + pym, =0

Oy — Ay, =0

Omg +amyy — (A4 )T, + 211, =0

My = (A0 4+Kp )mg + i, (K+D7 0 =01<k <d -1

Mo —(AH04dp,)mg +dpm,,=0,d <k <c-1

M —(A+a)m, =0,1<k<c

Mgy +0m g Hamg — (A K ), + (K +D 7, =0,2<k < c-1(9)
Ay —[A+0+(L=r)dp, ] =0

0
)\ch 1,2 + ﬁﬂco + ()‘ + a)ﬂ—cl - Cﬂbﬂcz =0

we mark (9.1~9.9) to each equation in (9).
Lemma 4 7z =KW¥,,0<k<d-1,Y¥, satisfy (8), where

a =212, K is an arbitrary constant.

oo

Proof Let 7, = K =KWY,, substituting it into (9.1), we
get
A+0 A 0
T = 7700_&”12:7700[_"'__&3‘]:'(?1
H, Hy B oty

when 2<k<d-1, substituting z =KW, into (9.4),

reference to (8), we have
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ATy 1o —

A+0+Kp, mo+p, K+1me,

Rt e S _&a]
k—1,0

v 1/ =0 v

k

My
a
(k +1)/1 zo: (k+D)p,

A
=AM 10— A+0 o —Kp, [ku

+ k+1 p,

A
(k+ D, "

K—
=—0m —oi T+ 92 Ty =0
i=0 i=0

So the P, is what we need.
Theorem 3 When p <1, the steady-state distribution of
Q. J)is

KWY,, 0O<k<d-1
7[ =
O Ky, k>d
k
ﬂkl:KQ( 2/ j ] kZO.
A A+a
o, &i-n )"
PR k!(ﬁl "
0 X&i-n 1)
pen s IS
oG- A ( 2 !
+Kﬂ—b; o (ﬂ—bj (l+aj , 1<k<d

(-1 i d+1-i .
(d+D)! g4

¥, i

Ty, =1 +K— i ) ,d+l<k<c.
4y -1 4 A\
2w (7., [maj
c—d ré P ke
Kr T ; r'p +
2] 2 € k—c-1 2 ! e
Z(/iJraj pre (i+a} 2

(i —l)! [/’Z’Jdeli .
i d+D! g4 ) e

Ml-” ER NGV
izdz+1 c! (ZJ

0 L& (i—1) d-i+l -
Z.zg(dn)'[ub} Tt

d (I 1 ) d+1-i 2 i1
o |Z@s 1)'[%} (Maj .

K— ) P, k>c.
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K can be obtained by regularization conditions.
Proof Firstly, derived the solution of XB[R]=0.

Reference to Lemma 4,
T, =K¥, ,0<k<d-1 (10)
satisfy (9.1) and (9.4). On the other hand, from (9.8) and
Lemma 3, we have r_, = MMy 10 Let k =c-1,from (7), we get

LARE ¢ A Repeated use the equation (9.5), we obtained

To=Kr* ¥, ,d <k<c (11)
From (9.2), we have oy :ﬁoog: Kﬁ, substituting into
A A

(9.6), we can recursive obtain

) AN el 2
I oo S R O<k<c (12
Pa =My ”01[/1+aj /1[/1+aj (12)

From (9.3), (9.7) and (9.9), we obtained the equations
Oy +amy, —(A+ )7y, + 214,755, =0
ATty + Oy + Oy — (A +2p,) 7y + 3,75, =0
ATty g0+ O gt am 4y — [/1 +(k _1)%]”}-1‘2 +Ku,m, =0 (13)
ATty + 0 +amg —(A+Ku)m, +(K+D) 7y, =0

22t OT 1o+ ATy _[/1 +(c _l)ﬂb]”c-l,z +Cuy e, =0

Am g, +

Hr T +(/1+a)7rC1—C/1b7rC2 =0

Plus each equation in (13), we have

GZ T+ az T+ ]-aiﬂco + Ay — pyr, =0 (14)
i1 i1 -r
Substituting (10), (11) and (12) into (14)
d-1
ﬁlzzK{iJr 0 2 ‘I’} (15)
My Hy (=) ,Ub i=L

Then superimposed the first k terms of (9.3) and (9.7),we
obtained

/1 k-1
Tka = ki, T M2 T Z __Z”u (16)

-1 /Ub i=1
Substituting (10), (11) and (15) |nto (16), we have
d-1 k-1
4 — T, tK— 0 ¥, +K 0 LI’d+Ki(L] ,2<k<d
ko, ku, = ku,(-1) ku \A+a
k-1
i”mz"'K 0 rkled‘l'KH(/l j ,d+1<k<c
ke ki (1-1) Ky \A+a
From this and using (15), we recursive obtained
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k—i
ov, Zk:(i _1)!( /1] From (17) we have . N
d H c H
uA-r)ig kU 7, =K as Z('—l)![ﬂj +zri—d ('—1)![/1] +
PR ET Y i wy(A=1) 1T [d+DI g, iZa+1 ct s
+K—Zz ( \J Y, d da | d-itl
/ub i=l v=i kl ﬂb Kizz (I_l) \Ijv +
R k—i i-1 /Jb i=1l v=i (d +1)| :ub
6 &K (-1 4 A ) )
+ Kiz —_— ,1S k S d d . d+1-i i1 ¢ . c—i i1
w& k) (Tva 9 (n—l)![ﬂj () +Z("1)’[ﬂj ()
(i-1)! d+l-i iy 1= [+ Ata iz ¢ Ata
oy 4 (d +1),(#J + The K in the theorem can be obtained by regularization
T, ={K——— Z ® . conditions, so the theorem is proved.
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