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Abstract: The concept of the fermatean fuzzy multi group
offers a useful technique for real life transportation
problems. This special phenomenon is used to model the
structure of the controlling an intersection of two-way sheets.
In this paper, we study the concept of A — fermatean fuzzy
multi group structures, A — fermatean fuzzy multi cossets
and A — fermatean fuzzy multi normal subgroup structures.
Finally, we define A — fermatean fuzzy multi homomorphism
between any two A — fermatean fuzzy multi groups and
establish some important properties of this phenomenon.
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1.INTRODUCTION:
The theory of collections is a necessary mathematical tool.
It gives mathematical models for the class of problems that
explains with exactness, precision and uncertainty.
Characteristically, non crisp set theory is extensional.
More often than not, the real life problems inherently
involve uncertainties, imprecision and not clear. In
particular, such classes of problems arise in economics,
engineering, environmental sciences, medical sciences,
and social sciences etc. Zadeh [13] defined fuzzy set
theory in his pioneering paper in 1965. In order to solve
various types of uncertainties and complex MAGDM
problems, the theory of fuzzy sets is proposed by Zadeh
[13]. Later on, Atanassov [1] introduced the intuitionistic
fuzzy set (IFS) theory to extend the concept of fuzzy set.
Yager [12] explored a typical division of these collections
known as g-rung orthopair uncertainty collection in which
the aggregate of the g power of the help for and the g™
power of the help against is limited by one. He explained
that as 'q" builds the space of truth able orthopairs
increments and therefore gives the user more opportunity
in communicating their conviction about value of
membership. At the point when q = 3, Senapathi and
Yager [6] have evoked g-rung orthopair uncertainty
collection as fermatean uncertainty sets
(FUSs).Pythagorean uncertainty collections have studied
the concentration of many researchers within a short
period of time. For example, Yager [10] has derived up a
helpful decision technique in view of pythagoreanun
certainty aggregation operators to deal with pythagoreanun
certainty MCDM issues. Yager and Abbasov [11] studied
the pythagorean membership grades (PMGs) and the
considerations related to Pythagorean uncertainty
collections and presented the association between the
PMGs and the imaginary numbers. Senapathi and Yager
[6] specified basic activities over the FUSs and
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concentrated new score mappings and accuracy mappings
of FUSs. They proposed the technique for order preference
by similarity to ideal Solution (TOPSIS) way to deal with
taking care of the issue with fermatean uncertainty data. In
an attempt to model uncertainty, the notion of fuzzy sets
was proposed by zadeh [13] as a method for representing
imprecision in real-life situations. One can say, a fuzzy set
(or a fuzzy subset of a set) is the fuzzification of crisp set
to capture uncertainty in a collection. The concept of fuzzy
set has grown stupendously over the years giving birth to
fuzzy group which is the application of fuzzy sets to the
elementary theory of groups and groupoids as noted in [5].
Several works has been done on fuzzy groups since
inception; some could be found in [3]. Motivated by zadeh
[13], the idea of fuzzy multisets was introduced in [3] as
the generalization of fuzzy sets or the fuzzification of
multi sets in [5]. Recently, Shinoj et al. [8] followed the
foot steps of Rosenfeld [6] and introduced a non-classical
group called fuzzy multi group. In particular, the idea of
fuzzy multigroups generalized fuzzy groups. In this paper,
we study the concept of A — fermatean fuzzy multi group
structures, A — fermatean fuzzy multi cossets and A —
fermatean fuzzy multi normal subgroup structures. Finally,
we define A — fermatean fuzzy multi  homomorphism
between any two A — fermatean fuzzy multi groups and
establish some important properties of this phenomenon.

2. PRELIMINARIES:

Definition 2.1: Let X be a set. A multi set M is
characterized by a count function Cu: X —N , when N =
NuU{0}. For each. x € X, Cm(x) is the characteristic value
of x in M. The set of all multi sets of X is denoted by
Ms(X).
Definition 2.2: Let X be a group. A multi set M is called a
multi group of X if it satisfies the following conditions;

(i) Cwm(xy) = min { Cm(x), Cm(y)}

(ii) Cm(xh) = Cm(x), for all x € X. we denote the

set of all multi groups of X by Mg(X).

Definition 2.3: If X is a collection of objects, then a fuzzy
set A in X is a set of ordered pairs; A = { (x, pa(X) / X €
X, pa : X — [0,1] ,where , pa is called the membership
function of A, and is defined from X into [0, 1].
Definition 2.4: [Senapati and Yager, 2019a] Let ‘X’ be a
universe of discourse A. Fermatean uncertainty set “F” in
X is an object having the form F = {{x, mz(x), ng(x))/
x € X}, where mp(x): X - [0,1] and nz(x):X - [0,1] ,

including the condition 0 < (m;(x))’ + (mz(x))’ <
1, for all x € X.The numbers mg(x) signifies the level
(degree) ofmembership and ngz(x) indicate the non-
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membership of the element ‘x’ in the set F.All through this
paper, we will indicate a fermatean uncertainty set is FUS.
For any FUS ‘F° and x€X , mp(x)=

3\/1—(mp(x))2 — (np(x))” isto find out as the degree of

indeterminacy of ‘x’ to F. For convenience, Senapathi and

Yager called (mp(x), np(x)) a fermatean
uncertaintynumber (FUN) denoted by F = (mg, ng) .
X+7°=l Fermatheon Membership Grade
x2+yz:]
x+y=Il
0 X
Fig-1

We will explain the membership grades (MG’s) related
Fermatean  uncertainty  collections as fermatean
membership grades.

Theorem 2.5:[Senapati and Yager, 2019a] The collections
of FMG’s is higher than the set of Pythagorean
membership grades (PMG’s) and bi uncertainty
membership grades (BMG’s).

Proof: This improvement can be evidently approved in
the following figure.
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Here we find that BMG’s are all points beneath the line
x+y <1, the PMG’s are all points with x? + y2 < 1.

X
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We see that the BMG’s enable the presentation of a bigger
body of non-standard membership grades than BMG’s and
PMG’s. For convenience (Cwmr(X), Cnr(x)) is called
fermatean fuzzy multi number (FFMN) denoted by
(Cme(x), Cnr(X)). A Fermatean fuzzy multi sets (FFMS) F
is denoted by

F={<x, (1) ), padx),
Va?(X), , vaP(x) >/ x € X}.

Remark 2.6: we arrange the membership sequence in
decreasing order but the corresponding non- membership
sequence may not be in decreasing or increasing order.
Definition 2.7: Let X be a group. A FFMS ‘F’ is called a
fermatean fuzzy multi group of X if it satisfies the
condition

, HAP(X), Val(X),

(I) CMF(Xy) > min { CMF(X), CMF(y)}and
Cnr(xy) < max { Cne(X), Cre(y)}

(II) CMF(X'l) > CMF(X) and CNF(X'l) < CNF(X), for
all x e X.

We denote the set of all fermatean fuzzy multi groups

of X by FFMG(X).

Example 2.8: Let F; ={<0.7,03/x >,<1,07/y >,
<02,07/z >}andF,={<08,05/x >,<0.7,0.9/
y >,<0.1,04/z >} for X ={x,y,z}. Then Clearly F;
and F; are fermatean fuzzy multi group of X.

Example 2.9: Assume that X = {a ,b, c} is a set. Then for
CMp(a) = { 1,0.5. 0.7}, CMF(b) = { 0.3. 0.7}, CMF(C) = { 0},
Cnr(@) = { 0.2,0.5. 0.7}, Cne(b) = { 1,0.7}, Cne(c) = {
0.3},

A FFMS of X writtenas F={<1,0.5,07/a>,< 0.3,07
/b ><020507/a><03/c>.

Definition 2.10: Let C be a non-empty crisp set and (@4 =
(u31(m), v31(m)) and @, = (u%(m), v3x(m)) be FFSs on C.
Then

0] @1 = @ 7 if and only if p®(m) < u®(m) and
v31(m) > v3(m).

(i) [ =1(&, ifandonly if (01 c (02 and (02 c
@1,

(i) B =((m), p*y(m)).

(iv) 1N 82 = (min { p®(m) ,u3(m)}, max
{r*1(m) ,pu%(m)})

(V)  @1UP2=(max { p’y(m) pi(m)}, min
{r*1(m) ,pu%(m)})

(vi) [ 181=@%(m),1-p%(m)} < > Pl=

(1 - v%(m), v*3(m)).

Definition 2.11: Let Fy, F, € FFMS(X). Then F; is called
a fermatean fuzzy submulti set of F, written as F, € F, if
CMFl(X) < CMFZ(X), CNFl(X) < CNFZ(X), forall x € X.
Definition 2.12: Let a and B be positive real numbers lie
in the closed unit interval such that 0 <o+ < 1.Then (o
, B )-cut set of FFMS °‘F’ of the universe ‘U’ is a crisp set
consisting of all these elements of U for which Cyr(x) > a
and Cne(x) < B forall x € U.
Remark 2.13: A FFMS ‘F’ of a group is FFMG if each of
its (o, B )-cut set is a subgroup of G.
Definition 2.14: A FFMS ‘F’ is said to be fermatean fuzzy
multi normal subgroup (FFMNG) if it meets the following
conditions;

(M) Cmr(xy) = Cwme(yx) and (ii) Cne(xy) =
Cnr(yx), forall x, y € G.
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Definition 2.15: Let F1 and F, be two FFMS’s of the
universe U. Then the average operator F1 $ F,, is defined
as Fi$F, = { <51 ,VCumr1(X) Cumra(X) , ,VCnri(X) Crira(X)> /
X € U}

3. PROPERTIES OF A — FERMATEAN Fuzzy MULTI
GRoOuUP

In this section, we study A — fermatean fuzzy multi
subgroup. Moreover, numerous useful results and
algebraic properties are introduced.
Definition 3.1: Suppose F is a FFMS of a universe S and
A €[0,1]. Then FFMS
F A =(Cume®, Cne?) is called A — FFMS of universe S with
respect to FFMS ‘F’; where
CMFA(X) = (¢ (CMF(X) , A ), CNFA(X) =Q (CNF(X) , 1-A )
and (@, Q denote the average operator defined in 2.15.
Proposition 3.2: Let F; and F, be two A — FFMS’s of the
universe U. Then so is F1* N FA.
Proof: Consider

CvrNe* (X) =@ { CuENr)(x), A } = @ {min {
Cuvri(X) , Cwmr2(X)}, A}
[0 { min { CMFl(X) 5 A} ,

= min
{Cwvra(x), A }}
= min { CMFlA (X) s
}}= Cumrr A n 2 Mforall x € U.
Similarly, it can be proved that
CN(Fln |:2)A (X) = CN(Fl Ak A) (X), for all x € U.Hence
(Flﬂ Fz) Az (FlAn F, A).
Remark 3.3: The union of any two A — FFMS’s is also A
- FFMS.
Definition 3.4: A FFMS of a group G is ‘A — FFMS’s
‘FA> satisfying the following condition (i) Cur * (xy) >
min { Cwme A (X), Cwmr A (y)}and CnE A (Xy) < max { CnF A
(x), Cne A (V)} (i) Cve * (x*) = Cwe * (x) and
Cne(xh) < Cne(x), forallx,y € G.
Remark 3.5 : Let ‘¢’ be an identity element of G. Then
FA(x) < FA(e) for all x € G. Also, FA(xy?t) =
FA(e) implying that FA(x) = FA(y), for all y € G.
Proposition 3.6: Every fermatean fuzzy multi group of G
is an A — fermatean fuzzy multi group of G.
Proof: Let x,y € G.Then by using the fact that F is
fermatean fuzzy multi group. we have
Cvr A (xy) = @ { Cur(xy) , A } = @ { min {Cwr(x) ,
Cumr(y), A}
=[a { min { CMF(X) , A}, min {CMF(y) , AN}
=min { Cve * (x), Cve * (¥) }
Similarly it can be proved that
Cne (xy) <max { Cne ™ (X) , Cne A(Y) 3
Moreover,
CMF A (X'l) = [ {CMF (X'l) , A } = [o {CMF (X) , A } =
CMFA (X) .
Similarly,
Cnr A (X_l) = [ {CNF (X-l) , A } = [0 {CNF (X) , A } =
CNF A (X) .
Consequently, F * is an A — fermatean fuzzy multi group
of group G.
Remark 3.7: An A — fermatean fuzzy multi group need
not be a fermatean fuzzy multi group, that is the converse
of proposition 3.6 does not hold.

min {CMpzA (X)
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The above fact can be explained in the following example.
Example 3.8: Let G = {e,a,b,c } be the Kelin’s -4 group.
we define FFMS F of G as

F={<e 04,056>,<303,05>,<b,0208>,<c
,0.1,0.7 > } Note that, F is not FFMG of G. Let A =0.5.
Then F* = {<e,0.4,05>,<4,03,05>,<b,0.2,08>,
< ¢,0.1,0.7 > }.It is clear that (0.4 , 0.5)-cut set of 0.5
FFMS is A= {a} and A%®= {a} , whereas (0.5, 0.8)-
cut set of 0.5. FFMS is given by A%5= {e, a} and A%® =
{e, a, b, c}.

Note that, each of the above cut set of A — fermatean fuzzy
multi set is a subgroup of G. Hence it is an A — fermatean
fuzzy multi group.

The following results presents the condition under which a
given A — fermatean fuzzy multi group is an A —
fermatean fuzzy multi group.

Proposition 3.9: Let F be any FFMS of a group G such
that CMF(X'l) = CMF(X) and CMF(X'l) = CMF(X) forall x € G.
Moreover , A < min { a, 1-b }, where a = min {Cwue(X) / X
€ G} and b = max {Cnr(X) / X € G}, then F is an A —
fermatean fuzzy multi group of G.

Proof: In view of given conditions, we have a > A and b <
1- A

It follow that Cwmr(x) > A and Cnr (X) < 1- A, for all x €
G.

Therefore , Cue(xy) = min { Cur * (X), Cmr A(y)} and
Cne  (xy) < max { Cne M(X) , Cne (y),} for all xy €
G.Moreover, for any x € G, we obtain

CMF (X'l) = CMF (X) and CNF (X'l) = CNF (X) . This
shows that Cye * (X'l) =Cwue 2 (X) and Cne 2 (X'l)
Cne® (X) . The subsequent result indicates that the
intersection of any two A — fermatean fuzzy multi group
is an A — fermatean fuzzy multi group of G.

Proposition 3.10: The intersection of two A — fermatean
fuzzy multi groups of a group G is also an A — fermatean
fuzzy multi group.

Proof: Suppose F1* and F, » are A — fermatean fuzzy multi
groups of a group G.Then

CurNey * (xy) =0 { CurNrxy) . A }= 0 {min {
Cwri(xy) , Cwraxy)} , A} = @ {min { Cur(xy), A},
min {CMpz(Xy) N A }}Z min { Cwvrt A (Xy) s min {CMFZ A
xy) }=CuE*nr™) (xy), forall x e U. = min { min {
Cwirt™ (X), Cumrz A(X)}, min{ Cwrz * (¥), Cwrc(y)} = min {
Cwm (FlAanA) (x), Cwm (FlAﬂFZA) W}

Similarly, it can be proved that for all x,y € U.

Cn (F1N FZ)A (xy) < max { Cn (FlA n F2A) (X) , Cn (FlA n FZA)
(¥)}. Also

Cwm 1 sz)A (X'l) = 0 {Cwm (i sz)(X'l), A} =1M0{
min{CMpl (X'l), A}, min {CMFZ (X'l), A}, = min {CMFl (X'
D {Cumr2 (x}= Cu ™ n k™) (X). Similarly, Cx i ne)® (X
= CnE* ey (X).

Corollary 3.11: The intersection of any number of A —
fermatean fuzzy multi groups of a group G is also an A —
fermatean fuzzy multi group of G.

Remark 3.12: The Union of any number of A —
fermatean fuzzy multi groups of a group G may not be an
A — fermatean fuzzy multi group of G.
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Definition 3.13: Let F* be an A — fermatean fuzzy multi
group of G and x € G. An A — fermatean fuzzy multi
right cosset of ‘F’ in G, denoted by F*x is defined as

FA x(g) = (Cwme * X(9) , Cne *x(g)), where Cuex (g) = (&
(CMF(gX'l) , \), Cne AX(g) =Q (CNF(gx‘l) ,1-A) for all
g € G. Similarly, we can define A — fermatean fuzzy multi
left cosset of F in G.

Definition 3.14: An A — fermatean fuzzy multi group F*
of G is called A — fermatean fuzzy multi normal subgroup
of G if xFA = F2x, for all x € G.

The following result shows that every fermatean fuzzy
multi normal subgroup of G is also A — fermatean
fuzzy multi normal subgroup of G.

Proposition 3.15: If F is a fermatean fuzzy multi normal
subgroup of a group, then F* is also an A — fermatean
fuzzy multi normal subgroup of G.

Proof: Let F be a fermatean fuzzy multi normal subgroup
of G. Then for all x,g € G.

Cwvr (9x7) = Cwr (x'g) and Cnr (9x™) = Cnr (x79).
Implying that Cue(x%g) = @ (Cwe(X'g) , A ) = @
(Cur(gx™h) , A) = Cwe® (gx 1),
Similarly, we can prove that
Consequently, xFA = FAx.

The converse of the given result does not hold generally.
This fact can be viewed in the successive example.
Example 3.16: Let D3 =<a,b:a®=b?=e. ba=a%h > be
dihedral group of order 6. Define fermatean
fuzzy multi normal subgroup of G ‘F’ of D3 by

Cnr (9x1) = Cnr (x'9).

Cwe(X) = 0[63 ifxe<6>
40 otherwise and
Cne(X) = 0[70 ifxe<6>
.83 otherwise
Then F= {<e 063,070>,< a 0.40,0.83 >, <a?

0.40, 0.86 >, <b,0.63,0.70 >, < ab, 0.40. 0.63 >, < ab,
0.63,0.63 >}.

Since Cwir(xy) = 0.40 # 0.63 = Cwr(Xy), therefore F is not
an fermatean fuzzy multi normal subgroup of G.

Next, let A =0.2,then A®?2={< ¢,04,04>,<4a 04
04> ,<2a204,04 >,<b,04,04 >,< ab,04.0.4 >,
< a%, 0.4, 0.4 >}. One can see that A%? is an A —
fermatean fuzzy multi normal subgroup of G.

In the following result, a condition for A — fermatean
fuzzy multi subgroup of G to be A — fermatean fuzzy multi
normal subgroup of G is established.

Proposition 3.17: Let F* be an A — fermatean fuzzy multi
subgroup of a group G such that

A<min {a,1-b}, wherea= =@ (Cmr(x)/x € G} and
b= Q ( Cne(X) / x € G}L.Then F* is an A — fermatean
fuzzy multi subgroup of a group G.

Proof: Since a> A and b < 1- A, therefore min { Cue(X) /
X€E€ G} > A and max { Cne(X) / XE G} < 1- A. Thus
Cwmr(x) > A for all x € G. Also, Cnr(X) < 1- A, so
CMFA(Xg) = [o (CMF(gX"l) , A ) =0 and CNFA(Xg) =Q
(Cwmr(gxY) , 1- A ) =@, for all g € G. Similarly, Cwx?
(@) = @ (Cwr(x'g) , A)=©and Cnx" (9) = Q (Cnr(x
19),1-A) = 0.

This concludes the proof.
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4. A — FERMATEAN Fuzzy MULTI HOMOMORPHISMS
In this section, we define A — fermatean fuzzy multi
homomorphism between any two A — fermatean fuzzy
multi groups and establish some important properties of
this phenomenon.

Defnition 4.1: Let Fiand F, * be two A — fermatean
fuzzy multi groups of the groups G; and G, respectively
and ¢ : G; — G2 be a group homomorphism from Fi* to
FzA if c (FlA) = FzA.
The following result indicates that an A — fermatean fuzzy
homomorphic image of the A — fermatean fuzzy multi
group is an A — fermatean fuzzy multi group.
Theorem 4.2: Let F* be two A — fermatean fuzzy multi
group of the group G and ¢ : G1 — Gy be a surjective
homomorphism. Then ¢ (F*) is an A — fermatean fuzzy
multi group of G.
Proof: In view of the given condition , for any two
elements p, q € G, there exists x ,y € G, such that ¢ (x) =
pandc(y) =ag.
Consider ¢ (F)* (pa) = (Cm <®* (pA) , Cm < * (pa) ).
Which implies that Cm ¢ ") (pg) = Cmc#nPa) = & (Cwm ¢
AEEcy ., A)=0 (CucrpEky),A)=@ (Cur
(xy), A)=Cume* (xy) =min { Cve*(X) , Cir *(y) } = min
{Cwe(p) , Cwe(p) 3-
Thus Cwm ¢ ¢ (pq) = min { Cwmep*(P) , Cuvsm™(P) }-
Similarly, it can be proved that
Cneam (pq) < max { Cngr (p) , Cngr(P) 3- Also,
Cmcen (p) = max { Cue® (x) 1 g(x™) = p* } = max {
Cur * (X) 1 6(x) = p }= Cmc ™) (p). similarly , Cuc?) (p)
= Cmc™) (p).
Theorem 4.3: Let F* be two A — fermatean fuzzy multi
normal subgroup of the group G; and ¢:GL—
G, be a bijective homomorphism. Then ¢ (F*) is an A —
fermatean fuzzy multi normal subgroup of Ga.
Proof: In view of the given condition , for any two
elements p, g € G, there exists a unique pair of elements x
Y€ G,suchthatc (X) =pandc (y)=q.
Consider ¢ (F*) (pa) = ( Cwm ¢ ¢")(Pd) , Cm < ¢y (p)
).Then
Cucm*(Pa) =0 (Cucm M), A)=0 (Cuc
@ (cxy),A)=0 (Cwr (Xy),A) which follows that
= [ ( Cwme? (yx) ,A) (since Cwme? (xy) = Cwe? (yx):
B{Cumcp s A=B{Cmcr (@), A}=Cucp”
(ap) , similarly , Cv ) * (PA) = Cm )" (P)-
The following theorem shows that every A — fermatean
fuzzy multi inverse homomorphic image of A — fermatean
fuzzy multi group is always A — fermatean fuzzy multi
group.
Theorem 4.4: Let F,* be two A — fermatean fuzzy multi
group of the group G and ¢ : Gi — G2 be a group
homomorphism. Then ¢ (F2*) is an A — fermatean fuzzy
multi group of G.
Proof: Suppose F2* be two A — fermatean fuzzy multi
group of the group G , then there exists a unique pair of
elements x,y € G; such that
CH(F2") (xy) = (Cmc1 2"y (xy) , Cnca 2™ (xy)). Also
Cucay(xy) = Curz * (6(xy)) =Cwmrz* (5(X) 5 (¥)) =
min { Cwrz2 * (5(X)), Cwr2 * (5(y) }

=min { Cvca ") (X) , Cuca e’ ()}
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Thus Cm ¢t @Y (xy) = min { Cmct &) (X) , Cvmct @2
(y)}.Similarly, we will show that
Cnet @M (xy) < max { Cnet e (X)) Cnct e ()}

AlsoCuc™ 2" (p") = Cmr2 * (5(p™))
= Cura * (6P = Cmra ™ (5(P)) = Cm ¢t ™ (P).
Similarly,

Cne * 6P = Cnera  (6(P)) = Cn < @Y (P).
consequently ¢'(F2*) is an A — fermatean fuzzy multi
group of Gy,

The following theorem, we show that every A — fermatean
fuzzy multi homomorphic inverse image of A — fermatean
fuzzy multi subgroup of G is an A — fermatean fuzzy
multi normal subgroup of G.

Theorem 4.5: Let F;* be two A — fermatean fuzzy multi
normal subgroup of the group G, and ¢: G; — Gz be a
group homomorphism. Then ¢ (F;*) is an A — fermatean
fuzzy multi normal subgroup of G;.

Proof: Suppose F* is an A — fermatean fuzzy multi
normal group of the group G, , then there exists a unique
pair of elements x,y € G; such that

CH(F2") (xy) = (Cumc™ 2 (xy) , Cnc ™t 2" (xy)). Also
Cmc™ @2 (xy) = Cwrz * (G(xy)) = Cwvrz * (5(¥) 5 (¥)) =
Cwmrz * (5(y) ¢ (X)) = Cmr2 * (5(yX))

Similarly, we can prove that Cy ¢t &2 (Xy) = Cnct@?
(c(yx)). Thus ¢Y(F2") is an A — fermatean
fuzzy multi normal subgroup of G;.

CONCLUSION:
In this article, A — fermatean fuzzy multi set generalizes
the idea of classical fuzzy multi set intending to assess the
fuzziness level of uncertainty situation. We have presented

22

cossets, normal subgroups of A — fermatean fuzzy multi
set and its applications. Also we demonstrated the
effectiveness of the image and inverse image of A —
fermatean fuzzy multi normal subgroup followed by fuzzy
multi homomorphism.
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